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Abstract
The construction of supersymmetric invariant actions on a spacetime man-
ifold with a boundary is carried out using the “ectoplasm” formalism for the
construction of closed forms in superspace. Non-trivial actions are obtained
from the pull-backs to the bosonic bodies of closed but non-exact forms in su-
perspace; finding supersymmetric invariants thus becomes a cohomology prob-
lem. For a spacetime with a boundary, the appropriate mathematical language
changes to relative cohomology, which we use to give a general formulation
of off-shell supersymmetric invariants in the presence of boundaries. We also
relate this construction to the superembedding formalism for the construction
of brane actions, and we give examples with bulk spacetimes of dimension 3,
4 and 5. The closed superform in the 5D example needs to be constructed as
a Chern-Simons type of invariant, obtained from a closed 6-form displaying
Weil triviality.
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1 Introduction
The representation of supersymmetry on spacetimes with boundaries has become an im-
portant issue owing to the advent of AdS/CFT dualities and the potential importance of
Horˇava-Witten [1, 2, 3, 4] or single-boundary constructions in cosmological [5, 6, 7, 8, 9, 10]
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and particle-physics [7, 11] contexts. Arranging for a heterogeneous system of a bulk the-
ory and a boundary theory to be jointly supersymmetric was originally achieved by a
traditional perturbative Noether construction. Boundaries can be treated in an “upstairs
picture” with the boundary realised via a doubled spacetime endowed with a Z2 reflection
symmetry. Corrections to bulk-field symmetry transformations and constraints then typ-
ically involve Dirac delta functions, which can pose problems at higher orders when they
begin to pile up nonlinearly [1, 2]. Another way to treat boundaries is in the “downstairs
picture” where boundaries are treated just as boundaries, and instead of delta functions,
one deals with systems of boundary conditions for bulk fields in interaction with fields
defined only on the boundary [3, 4]. In either formalism, the iterative construction is
rather laborious and can be rather tricky, especially when the requirements of anomaly
cancellation involve dealing with “classical” systems that have supersymmetry violation
linked to gauge non-invariance by systems of Wess-Zumino consistency conditions [11].
It would clearly be advantageous to have a formalism that automates the bulk-plus-
boundary construction in a fashion similar to the standard tensor calculus of supersymme-
try and supergravity [12, 13, 14, 15, 16]. This is precisely the aim of the “supersymmetry
without boundary conditions” formalism which has recently been introduced [17, 18, 19]
and put to use in [20, 21]. This formalism relies upon the existence of an off-shell su-
persymmetry formalism, however, which is not available for all supersymmetric theories,
including the key maximal super Yang-Mills and maximal supergravity theories.
In the study of invariants for such theories, another approach to the study of super-
symmetric invariants has been developed: the “ectoplasm” formalism1 [22, 23, 24], which
can be employed to codify the integrands of supersymmetric invariants through the study
of closed forms in superspace (see, for example, [25, 26, 27, 28]). It is clearly of interest
to relate the “supersymmetry without boundary conditions” formalism to the construc-
tion of supersymmetric invariants via closed forms in superspace. Relating these two
approaches to supersymmetric theories on spaces with boundaries is the main aim of the
present article.
The study of closed forms in superspace is a problem in superspace cohomology [25].
Studies of p-brane worldvolume theories, another context for supersymmetric boundary
theory investigations, have pointed out the roˆle played by relative cohomology in such
contexts [29]. As we shall see, relative cohomology is precisely the mathematical language
needed for the formulation of supersymmetry boundary theory problems in terms of closed
forms and ectoplasm.
In this paper, we first review in Section 2 the construction of supersymmetric theories
on manifolds with boundaries, then in Section 3 we review the construction of super-
1The ectoplasm formalism, referring to out-of-body material, employs the use of closed forms in full
superspace and not just in the “body” or purely bosonic subspace.
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symmetric invariants via closed forms in superspace. In Section 4, we re-express the
construction in terms of relative cohomology in superspace and establish the relation be-
tween the present formulation and the superembedding formalism [30, 31, 32, 33], which
has been applied to supersymmetric brane worldvolume actions in [34, 35].2 We also in-
troduce the notion of a “superboundary” with half-projected surviving supersymmetry on
the boundary. In Section 5, we illustrate the construction with 3D, 4D and 5D examples.
The 5D example involves the construction of a Chern-Simons type closed superform via
the mechanism of Weil triviality [38]. In the Conclusion, we comment on some open issues
and in Appendices A and B we summarise our conventions and give details of the closure
conditions for the various examples discussed in the text.
2 Superinvariants with boundaries
We begin by briefly reviewing the construction of a supersymmetric action on a manifold
with a boundary. The inclusion of the boundary has an immediate effect of breaking
the diffeomorphism invariance under transformations that would move the boundary.
This implies that surviving diffeomorphisms will be generated by a vector ξm such that
nmξ
m = 0, where nm is the outward pointing unit normal to the boundary, satisfying
nmn
m = 1. However, the commutator of two supersymmetry transformations generates a
diffeomorphism given by
[δǫ1, δǫ2 ] = δξ˜ + . . . , (2.1)
where ξ˜m ∼ ǫ1γmǫ2 − ǫ2γmǫ1. We therefore need to also impose the condition that
nmξ˜
m = 0 in order to prevent repeated supersymmetry transformations from generat-
ing a diffeomorphism that would move the boundary and break the symmetry. This is
solved by imposing the conditions
nmξ
m = 0 , nmγ
mǫ = ǫ . (2.2)
With these conditions in mind, we can attempt to construct actions that are invariant
under the surviving supersymmetry. Usually, the Lagrangian for an invariant action is
considered to be one that varies into a total derivative,
δL = ∂m(ǫλm + λmǫ) , (2.3)
where λm is some function of the fundamental fields in the theory. This means that if
we integrate this Lagrangian over a manifold M0 without boundaries, then we form an
action
S =
∫
M0
ddxL , (2.4)
2The superembedding formalism was first proposed in the context of superparticles [36, 37].
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which is invariant. However, if we now considerM0 to have a boundary ∂M0, then under
supersymmetry this action will vary into
δS =
∫
M0
ddx∂m(ǫλ
m + λ
m
ǫ) =
∫
∂M0
dd−1xnm(ǫλ
m + λ
m
ǫ) . (2.5)
The traditional method for considering supersymmetric actions with boundaries was to
impose some boundary conditions such as 1
2
(1 − naγa)λmnm
∣∣
∂M0
= 0 which would then
force (2.5) to vanish subject to (2.2). This means that the action (2.4) is only invariant
under supersymmetry up to boundary conditions and so we refer to this approach as being
a “SUSY with b.c.” formalism. However, an alternative approach to these constructions
has recently been developed [17] in which one instead modifies the action by the addition
of a boundary localised term such that
S =
∫
M0
ddxL +
∫
∂M0
ddxLB , (2.6)
where LB varies under supersymmetry as
δLB = −nm(ǫλm + λmǫ) . (2.7)
This implies that the modified action (2.6) is invariant under supersymmetry without hav-
ing to impose boundary conditions and accordingly this is known as the “SUSY without
b.c.” formalism.
To demonstrate explicitly how this formalism works, it is helpful to consider some
examples. Firstly, we consider the case of 3D N=1 rigid supersymmetry. Here, actions
are determined by an unconstrained superfield J0 with components
J0| = A , DαJ0| = 1√
2
iχα , D
αDαJ0| = −iF , (2.8)
where
∣∣ denotes evaluation on the surface where all fermionic coordinates are set to zero.
These component fields transform under supersymmetry as
δA = iǫαχα , δχα = γ
m
α
βǫβ∂mA + Fǫα , δF = iǫ
αγmα
β∂mχβ , (2.9)
where the 3D spinors are Majorana.
The standard rule for constructing an F-density from this superfield is to build an
action given by
S =
∫
M0
d3x iDαDαJ0
∣∣ = ∫
M0
d3xF . (2.10)
Since this action varies into a surface term on ∂M0, the traditional prescription for creat-
ing a supersymmetric action would be to impose boundary conditions on the component
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fields in J0 that set this surface term to zero. However, in the “SUSY without b.c.”
formalism, one modifies instead the F-density rule such that
S =
∫
M0
d3x iDαDαJ0
∣∣ + ∫
∂M0
d2xJ0
∣∣ = ∫
M0
d3xF +
∫
∂M0
d2xA . (2.11)
Using (2.9), one then finds that the modified action varies into
δS =
∫
∂M0
d2x iχα(ǫα − naγaαβǫβ) , (2.12)
which is set to zero by the conditions (2.2) regardless of the choice of boundary conditions
on the component fields in J0.
As a second example, we review briefly the construction of “SUSY without b.c.”
actions in rigid 4D N=1. Here, the action is determined by a chiral superfield J0 satisfying
∇α˙J0 = 0 with components
J0| = A , DαJ0| = iχα , DαDαJ0| = −2iF . (2.13)
These components transform under SUSY as
δA = iǫαχα , δχα = σ
m
α
β˙ǫβ˙∂mA+ Fǫα , δF = iǫ
α˙σmα˙
β∂mχβ . (2.14)
The modified F-density rule in this case gives the action as
S =
∫
M0
d4x
1
2
i
[
DαDαJ0
∣∣+Dα˙Dα˙J0∣∣
]
+
∫
∂M0
d3x
[
J0
∣∣+ J0∣∣
]
=
∫
M0
d4x(F + F ) +
∫
∂M0
d3x(A+ A) . (2.15)
As before, it is easy to show that the variation of this modified F-density under (2.14)
vanishes subject to a chirality condition on ǫ such as (2.2) without the need for any
boundary conditions on J0.
3 Superform invariants without boundaries
We next review the standard superform approach to the construction of supersymmetric
invariants ignoring boundary effects, following the discussion in [25]. Here we will show
that the construction of an invariant action amounts to finding a super d-form Jd that is
closed, dJd = 0, and that is nontrivial under the cohomology equivalence Jd ∼ Jd+dλd−1.
Consider a supermanifold M with d bosonic dimensions and n fermionic dimensions.
LetM0 be the d-dimensional body ofM, without boundary: ∂M0 = 0. Let b :M→M0
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be the projection of the supermanifold onto its body and let s :M0 →M be a section of
this projection. Finally, let Jd be an arbitrary super d-form onM. We can then consider
the integral of the pullback of Jd to M0,
S =
∫
s(M0)
Jd =
∫
M0
s∗Jd , (3.1)
which will form our action. As M0 has no boundary, we find that S[Jd] = S[Jd + dλ] so
the action depends only on the de Rham cohomology class of Jd, i.e.
Jd ∼ Jd + dλd−1 . (3.2)
In order for the action to be nonzero, we require that Jd not be exact. Since we con-
sider only forms λd−1 that can be constructed from the physical fields of the theory, the
cohomology can be non-trivial even if the spacetime has trivial topology.
The condition that S is invariant under supersymmetry is equivalent to the statement
that S is independent of the choice of even submanifold s(M0) ⊂M and so is independent
of the section s chosen. To find the corresponding condition on Jd, we consider a one-
parameter family of diffeomorphisms ft : M → M. These give rise to a one-parameter
family of even submanifolds st(M0) where st = ft ◦ s. The diffeomorphism ft then
transforms S to
St =
∫
st(M0)
Jd =
∫
M0
s∗ ◦ f ∗t Jd . (3.3)
If S is independent of the section s, then it will be invariant under this diffeomorphism,
so
dSt
dt
= 0 , (3.4)
for any diffeomorphism family ft. Then, since
d(f ∗t ω)
dt
= Lvω , (3.5)
for any superform ω, where v is the vector field generating the diffeomorphism family ft,
we find that S will be independent of the section s if
0 =
dSt
dt
,
=
∫
M0
s∗LvJd ,
=
∫
M0
s∗(divJd + ivdJd) ,
=
∫
M0
(d(s∗ivJd) + s
∗ivdJd) ,
=
∫
M0
s∗ivdJd , (3.6)
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which is solved for arbitrary v if dJd = 0.
Thus we find that we can build a supersymmetric action from a super d-form Jd with
dJd = 0 but where Jd is cohomologically non-trivial under Jd ∼ Jd + dλd−1. This implies
that Jd is a representative of a class in the de Rham cohomology group H
d(M). As we
have just seen that the action is independent of the section s chosen, it is then natural to
chose s to be the section where all fermionic coordinates vanish.
To make the discussion more specific, we now need to refine the notation. We will
label directions on the supermanifold tangent space with an index A = 1, . . . , d+ n; the
tangent space then splits into bosonic directions carrying an index a = 0, . . . , d − 1 and
fermionic directions carrying an index α = 1, . . . , n. Any super P -form can be written as
a sum of super (p, q)-forms with p+ q = P :
ΩP =
1
P !
EAP . . . EA1ΩA1...AP =
P∑
i=0
ωP−i,i , (3.7)
where
ωp,q =
1
p!q!
Eαq . . . Eα1Eap . . . Ea1ωa1...apα1...αq . (3.8)
Letting P = d, we can write the closure condition on Jd as
∇[A1JA2...Ad+1) +
d
2
T[A1A2|
BJB|A3...Ad+1) = 0 , (3.9)
where ∇A is the covariant derivative on the supermanifold, TABC is the torsion and
[. . .) indicates graded antisymmetrization. Similarly, we find that under the cohomology
relation Jd ∼ Jd + dλd−1, Jd is equivalent to Jd + δJd where δJd is given by
δJA1...AD =
1
(d− 1)!
(∇[A1λA2...Ad) + d− 12 T[A1A2|BλB|A3...Ad)) . (3.10)
We can then split the super d-form Jd up into its super (p, q)-form parts Jp,q with p+q = d
and can consequently analyse the constraint that Jd be closed but not exact in terms of
constraints on these parts [25]. We will refer to the nonvanishing Jp,q with highest q as
the generator of Jd. This must satisfy
T(α1α2|
apJa1...ap|α3...αq+2) = 0 . (3.11)
In the case of rigid 3D N=1 supersymmetry, the only nonvanishing component of the
torsion is Tαβ
c = iγcαβ. Then (3.11) implies that the generator is of the form J1,2 ∼ γ1,2J0
where J0 is a superscalar and γ1,2 is a single gamma matrix expressed as a superform.
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Using the closure condition (3.9), we can then find the other parts of Jd iteratively,
obtaining
Jαβγ = 0 , Jaαβ = −iγaαβJ0 ,
Jabα = ǫabcγ
c
α
βDβJ0 , Jabc = iǫabcD
αDαJ0 . (3.12)
Similarly, in rigid 4D N=1 supersymmetry, the nonvanishing components of the torsion
are just (Tαβ˙
c = iσcαβ˙ , Tα˙β
c = iσcα˙β). This means that (3.11) implies that the generator
of Jd is given by J2,2 ∼ γ2,2J0. Once again, we can use (3.9) iteratively to construct the
closed superform Jd , which is given by [24]
Jabαβ = 2σabαβJ0 , Jabα˙β˙ = 2σab α˙β˙J0 ,
Jabcα = ǫabcdσ
d
αα˙D
α˙
J0 , Jabcα˙ = ǫabcdσ
d
α˙αD
αJ0 ,
Jabcd = −iǫabcd 1
2
(
DαDαJ0 +D
α˙
Dα˙J0
)
, Dα˙J0 = 0 , (3.13)
with all other components vanishing. The unmodified F-density rules are then obtained
by substituting these closed superforms into (3.1).
4 Superform invariants with boundaries
We now combine the ideas of Sections 2 and 3. This will allow us to arrive at a prescription
for deriving the boundary modifications to the F-density rules, resulting in a “SUSY
without b.c.” action. To do this, we again begin by considering a supermanifold M
with d bosonic dimensions and n fermionic dimensions, a d-dimensional body M0 and a
projection to the body b : M → M0 with a section s : M0 → M . However, we now
consider M0 to have a boundary ∂M0 and a mapping c : ∂M0 →M0. As before, let Jd
be an arbitrary d-form on M but also let Id−1 be an additional arbitrary (d − 1)–form
onM. We again consider building an action by integrating overM0 but now, motivated
by the “SUSY without b.c.” approach, we also include an additional boundary-localised
part integrated over ∂M0 :
S =
∫
M0
s∗Jd −
∫
∂M0
c∗ ◦ s∗Id−1 . (4.1)
The equivalence (3.2) now becomes modified to(
Jd
Id−1
)
∼
(
Jd + dλd−1,
Id−1 + λd−1 − dκd−2
)
. (4.2)
As before, if a nonvanishing action is to exist, one must have (Jd, Id−1) non-trivial under
this equivalence.
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Now consider the effect of a one-parameter family of superdiffeomorphisms ft :M→
M as before. As we saw in Section 2, we cannot expect that the action on a manifold
with boundary will be invariant under the full set of superdiffeomorphisms. Instead, it can
only be invariant under a subset of diffeomorphisms such that both single transformations
and composites of transformations preserve the bosonic normal to the boundary. This
condition restricts us to diffeomorphisms generated by a subspace of supervectors V ⊂
TM where
iv(1)n = 0 , iv(2)n = 0 , i[v(1),v(2)}n = 0 , ∀ v(1), v(2) ∈ V , (4.3)
where n = Eana is the outward-pointing bosonic unit normal form. These constraints
imply that
v(1)Av(2)BTAB
CnC = 0 . (4.4)
which we will refer to as the quadratic constraint.
Under the surviving diffeomorphisms, the transformed action is given by
St =
∫
M0
s∗ ◦ f ∗t Jd −
∫
∂M0
c∗ ◦ s∗ ◦ f ∗t Id−1 . (4.5)
Thus, the action will be supersymmetric if
0 =
dSt
dt
=
∫
M0
s∗LvJd −
∫
∂M0
c∗ ◦ s∗LvId−1 ,
=
∫
M0
s∗(divJd + ivdJd)−
∫
∂M0
c∗ ◦ s∗(divId−1 + ivdId−1) ,
=
∫
M0
(d(s∗ivJd) + s
∗ivdJd)−
∫
∂M0
(d(c∗ ◦ s∗ivId−1) + c∗ ◦ s∗ivdId−1) ,
=
∫
M0
s∗ivdJd +
∫
∂M0
c∗ ◦ s∗iv(Jd − dId−1) . (4.6)
To solve this, both the first and the second term must vanish separately. The vanishing of
the first term is achieved by imposing dJd = 0 as before. This means that when boundary
effects are included, the bulk action is constructed exactly in the same way as when they
are ignored. Clearly, the vanishing of the second term places some constraints on Id−1.
On the surface, it would appear that one requires Jd = dId−1. However, this constraint
forces Jd and Id−1 to be exact under the equivalence (4.2) and so makes the action vanish.
In fact this constraint is not required as v is not a general vector but one which must
satisfy (4.3). To proceed, we now impose dJd = 0 and consider the second term in more
detail:
dS
dt
=
∫
∂M0
c∗ ◦ s∗iv(Jd − dId−1) = 0 . (4.7)
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In the rigid case, this implies
n ∧
[
iv(J − dI)
]
d−1,0
= 0 . (4.8)
Then, expanding out Jd − dId−1 in terms of its super (p, q)-form parts, we find
(ivn)(J − dI)d,0 + n ∧
(
iv0,1(J − dI)d−1,1
)
= 0 . (4.9)
The first term of this vanishes upon using (4.3) and the remaining constraint is expressed
in components as
na1v
αǫa1...ad
(
Jαa2...ad − d∇[αIa2...ad) −
d(d− 1)
2
T[αa2|
BIB|a3...ad)
)
= 0 . (4.10)
The discussion in the local case is analogous, in which case (4.10) becomes
nm1v
αǫm1...mdEm2
A2 . . . Emd
Ad
(
JαA2...Ad − d∇[αIA2...Ad) −
d(d− 1)
2
T[αA2|
BIB|A3...Ad)
)
= 0 .
(4.11)
By making an ansatz for Id−1 which solves these equations, we can find the appropri-
ate boundary completion to a given bulk action, which we will demonstrate with some
examples in Section 5.
4.1 Relative Cohomology and the Superboundary
We now consider an alternative perspective on the above construction involving relative
cohomology, which is helpful in illuminating additional structure in the bulk + boundary
system. To do this, we recall3 that, given a d dimensional manifold A and an inclusion
ι : B → A of a d− 1 dimensional submanifold B ⊂ A, one can define
Ω∗(ι) =
∑
p
Ωp(ι) , where Ωp(ι) = Ωp(A)⊕ Ωp−1(B) , (4.12)
and where Ωp(A) is the set of p-forms on the manifold A. Then, considering (Ap, Bp−1) ∈
Ωp(ι) one can define a natural exterior derivative d(ι) : Ωp(ι)→ Ωp+1(ι) given by
d(ι)(Ap, Bp−1) = (dAp, ι
∗Ap − dBp−1) . (4.13)
The relative cohomology group Hp(A,B) is then defined to be the usual quotient of the
d(ι)-closed forms in Ωp(ι) by the d(ι)-exact ones. A d(ι)-closed element (Ap, Bp−1) has
dAp = 0 , ι
∗Ap = dBp−1 , (4.14)
3For an application of relative cohomology to the problem of large gauge transformations in 2-brane
and 5-brane M-theory backgrounds, see Ref. [29].
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so Ap is closed and the pullback of Ap onto B is exact, while a d(ι)-exact element has
Ap = dCp−1 , Bp−1 = ι
∗Cp−1 − dDp−2 . (4.15)
Next we can define the integral of (Ad, Bd−1) over the pair of spaces (A,B) by∫
(A,B)
(Ad, Bd−1) =
∫
A
Ad −
∫
B
Bd−1 . (4.16)
Next we define the relative boundary operator ∂(ι) to act on the pair (A,B) as
∂(ι)(A,B) = (ιˆ(B)− ∂A, ∂B) , (4.17)
where ιˆ : B → ∂A such that c∂A ◦ ιˆ = ι and c∂A : ∂A → A. Using the standard version
of Stokes’ theorem, ∫
A
dAd−1 =
∫
∂A
c∗∂AAd−1 , (4.18)
one can show that the generalised Stokes’ theorem relating ∂(ι) and d(ι) is∫
(A,B)
d(ι)(Ad−1, Bd−2) = −
∫
∂(ι)(A,B)
(c∗∂AAd−1, c
∗
∂BBd−2) . (4.19)
If we now consider the case where ∂A = B and let c = c∂A = ι, ιˆ = 1l, c∂B = 0 we can
construct an integral of the form
S[(Ad, Bd−1)] =
∫
(A,∂A)
(Ad, Bd−1) . (4.20)
Then, if (Ad, Bd−1) is d
(ι)-exact, one finds
S[d(ι)(Cd−1, Dd−2)] =
∫
∂(ι)(A,∂A)
(c∗Cd−1, 0) = 0 . (4.21)
Consequently, the integral (4.20) depends only on the relative cohomology class of (Ad, Bd−1):
S[(Ad, Bd−1)] = S[(Ad + dCd−1, Bd−1 + c
∗Cd−1 − dDd−2)] . (4.22)
If A = M0, B = ∂M0, Ad = s∗Jd and Bd−1 = c∗ ◦ s∗Id−1, then this becomes equivalent
to (4.2).
Next we define the “superboundary”4 M˜ to be the manifold with d − 1 bosonic di-
mensions and n
2
fermionic dimensions given by the locus of the boundary ∂M0 under the
4The notion of a boundary superspace has appeared previously in the context of two-dimensional
supersymmetry in [39].
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surviving supersymmetry transformations (4.3). Then, choosing zM to be coordinates on
M and zM˜ to be coordinates on M˜, we may define the embedding matrix
EA˜
A = EA˜
M˜∂M˜z
MEM
A. (4.23)
We can then follow the standard description of one supermanifold embedded into another
one [31]. We thus impose the condition that the odd tangent space of M˜ lies within the
odd tangent space of M. This implies that the embedding matrix satisfies
Eα˜
a = 0 . (4.24)
Combining this with the defining equation for the torsion and extracting the dimension-
zero part, we obtain
Eα˜
αEβ˜
βTαβ
c = Tα˜β˜
c˜Ec˜
c , (4.25)
where Tα˜β˜
c˜ is the dimension-zero part of the torsion on M˜. Contracting the indices on
this equation with two fermionic vectors v˜α˜1 and v˜
α˜
1 defined on M˜ and with the bosonic
normal na gives
v˜α˜1 v˜
α˜
2Eα˜
αEβ˜
βTαβ
cnc = 0 , (4.26)
where we have used Ec˜
cnc = 0. This shows that the quadratic constraint (4.4) is satisfied
if
vα = v˜α˜Eα˜
α (4.27)
where v˜α˜ is any odd supervector on M˜.
Next let s˜ : ∂M0 → M˜ and c˜ : M˜ → M in such a way that we have a commuting
diagram of maps:
∂M0 M0
M˜ M
c
//
s˜

s

c˜
// (4.28)
with corresponding pullbacks that satisfy s˜∗ ◦ c˜∗ = c∗ ◦ s∗. As before, we define a bulk
superform Jd on M but we now define the boundary superform I˜d−1 on M˜. The action
we consider is then given by
S =
∫
(M0,∂M0)
(s∗Jd, s˜
∗I˜d−1) . (4.29)
Under an odd superdiffeomorphism, this is transformed to
St =
∫
(M0,∂M0)
(s∗ ◦ f ∗t Jd, s˜∗ ◦ f˜ ∗t I˜d−1) , (4.30)
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where f ∗t :M→M is a one-parameter family of superdiffeomorphisms generated by vα
satisfying (4.27) and f˜ ∗t : M˜ → M˜ is a one-parameter family of superdiffeomorphisms
generated by v˜α˜. Proceeding as before, one can show that the action is supersymmetric if
0 =
dSt
dt
=
∫
(M0,∂M0)
(
s∗ivdJd, s˜
∗iv˜(dI˜d−1 − c˜∗Jd)
)
, (4.31)
which implies that
dJd = 0 , c˜
∗Jd = dI˜d−1 so d
(c˜)(Jd, I˜d−1) = 0 . (4.32)
We consequently find that the pair (Jd, I˜d−1) is an element of the relative cohomology
groupHd(M,M˜) and that the invariant action is the natural generalisation in the relative
cohomology framework of the case without a boundary.
5 Examples
5.1 3D and 4D Ectoplasm with an Edge
As an example of the construction given in Section 4 , we now consider the rigid 3D case,
for which the only nonvanishing component of the torsion is Tαβ
c = iγcαβ. Accordingly,
we solve the constraints (4.3) by imposing
nav
a = 0 , naγ
a
α
βvβ = vα . (5.1)
We know that J3 is given by (3.12) and so we make the ansatz that I2 is given by
Iab = −ǫabcncJ0 , Iαb = 0 . (5.2)
Substituting this into (4.10), we find that
0 = ǫabcncv
β(ǫabdγ
d
β
αDαJ0 + ǫabdn
dDβJ0) , (5.3)
which can be rearranged to give
0 = DαJ0(vα − γaαβnavβ) . (5.4)
This is then satisfied by imposing the constraint (5.1). Substituting the derived values of
Jd (3.12) and Id−1 (5.2) into (4.1), we find that the boundary modified F-density is given
by ∫
M0
d3x iDαDαJ0
∣∣+ ∫
∂M0
d2xJ0
∣∣ . (5.5)
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As another example, consider the rigid 4D case. Here, the nonvanishing components
of the torsion are are (Tαβ˙
c = iσcαβ˙ , Tα˙β
c = iσcα˙β), so we solve (4.3) by imposing
nav
a = 0 , σaα
α˙navα˙ = vα . (5.6)
Then, by considering the form of (4.10) and the superform (3.13), we make the following
ansatz for I3:
Iabc = −ǫabcdnd(J0 + J0) , Iαbc = 0 . (5.7)
Substituting this into (4.10), we find
0 = ǫabcdndv
α(ǫabceσ
e
αα˙D
α˙
J0 − ǫabceneDαJ0)
+ ǫabcdndv
α˙(ǫabceσ
e
α˙αD
αJ0 − ǫabceneDα˙J0) , (5.8)
which can be rearranged to give
0 = DαJ0(σ
e
α
α˙nevα˙ − vα) +Dα˙J0(σeα˙αnevα − vα˙) . (5.9)
As before, this is satisfied by imposing the constraint (5.6). Rewriting (4.1) using (3.13)
and (5.7), we find
S =
∫
M0
d4x
1
2
i
[
DαDαJ0
∣∣+Dα˙Dα˙J0∣∣
]
+
∫
∂M0
d3x
[
J0
∣∣ + J0∣∣
]
. (5.10)
This reproduces the rigidly supersymmetric results of references [17] and [18]. In a similar
fashion, one can use the present method to deduce the appropriate boundary modifica-
tion to any superform action and hence obtain the corresponding “SUSY without b.c.”
superfield action.
5.2 5D Ectoplasm with an Edge
Having reproduced the known rigid “SUSY without b.c.” results, we can use the present
“Ectoplasm with an Edge” formalism to derive the boundary modifications to the rigid
F-density in 5D supersymmetry. As far as we know, this will be a new result. In standard
5D superspace without boundaries, actions can be built by considering a linear superfield
Jij , which satisfies by definition
J ij = J (ij) , D(iαJ
jk) = 0 , (5.11)
where i is an SU(2) doublet index with respect to which the spinors are symplectic-
Majorana:
viα = −Cαβǫijvjβ . (5.12)
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We take the only non-vanishing component of the torsion to be Tαiβj
c = iγcαβǫij . The
standard F-density then reads
S =
∫
M0
d5xiDαiD jα Jij
∣∣ . (5.13)
To find the appropriate boundary modification to this action, we begin by finding the
relevant closed super 5-form. The construction of this superform is different from the
cases considered previously as it turns out that the closed super 5-form that we will
construct is of a particular type known as a Chern-Simons superform.
We begin the construction by considering the closed super 4-form given by
Xαiβjγkλl = 0 , Xaαiβjγk = 0 ,
Xabαiβj = −12iγabαβJij , Xabcαi = −4γabcαβDjβJij ,
Xabcd = −iγabcdαβDiαDjβJij . (5.14)
Using Poincare´’s lemma, we can then write X4 = dQ3, where generally Q3 cannot be
expressed solely in terms of Jij and its derivatives. For example, in the case where the
action describes the kinetic terms of 5D super Yang-Mills, X4 = trF2F2, where F2,0| is the
Yang-Mills field strength, so Jij is gauge invariant. However, Q3,0| is the Chern-Simons
3-form, which is not gauge-invariant and cannot be built solely from Jij .
We next proceed by considering the super 6-form described by W6 = C0,2X4, where
C0,2 =
1
2
EβjEαiCαβǫij . This can clearly be written as W6 = dZ5, where Z5 = C0,2Q3.
However, it can also be written in the exact form W6 = dK5, where K5 is gauge invariant:
Kαiβjγkλlδm = 0 , Kaαiβjγkλl = 0 ,
Kabαiβjγk = 0 , Kabcαiβj = −12γabcαβJij ,
Kabcdαi = 4iγabcdα
βD
j
βJij , Kabcde = −iǫabcdeDαiDαjJij . (5.15)
The possibility of writing W6 both as dZ5 and as dK5 is known as Weil triviality [38]. In
consequence of the Weil triviality, we can form a closed super 5-form from the difference:
J5 = K5 − Z5, the integral of which gives the action (5.13)5.
As before, the presence of a boundary in the spacetime manifold partially breaks the
supersymmetry, forcing us to impose conditions (4.3). One might think that, by analogy
with the 3D and 4D examples, the quadratic constraint (4.4) could be solved by imposing
naγ
a
α
βvβi = vαi . (5.16)
5An alternative for Z5 can be constructed in a chosen θαi frame as Z5 =
1
2
θ0,1X4, where θ0,1 =
E
αi
θαi. This can easily be shown to satisfy dZ5 = W6, but it does not transform as a superform under
superdiffeomorphisms owing to the explicit θ0,1 term.
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However, this is not the case since imposing (5.12) and (5.16) simultaneously would imply
that the spinor viα is identically zero. Instead, we solve (4.3) by imposing
nav
a = 0 , mInaσ
I
i
jγaα
βvβj = vαi , (5.17)
where I = 1, 2, 3 is an SU(2) triplet index and σI i
j are the Pauli matrices; mi is an
arbitrary SU(2) normalised constant triplet. Combining this with (5.12) now does not
imply that viα = 0. We see from this that the introduction of the boundary has not
only broken 5D supersymmetry and Poincare´ symmetry, but it has also broken the SU(2)
symmetry by forcing us to introduce the vector mI which picks out a fixed direction in
SU(2).
We thus propose that the boundary superform is given by
Iabcd = 6ǫabcden
emIσ
IijJij , Iαibcd = 0 ; (5.18)
we then find that substituting (5.15) and (5.18) into the requirement (4.10) gives
0 = ǫabcdenev
αi(4iγabcdα
βD
j
βJij − 6ǫabcdfnfmIσIjkDαiJjk) , (5.19)
which can be rearranged to give
0 = DαjJij(naγ
a
α
βviβ +mIσ
Ii
kv
k
α) . (5.20)
This is indeed satisfied by imposing (5.17). We therefore find that the 5D rigid boundary
modified F-density is given by
S =
∫
M0
d5xiDαiDjαJij
∣∣ + ∫
∂M0
d4x6mIσ
IijJij
∣∣ . (5.21)
6 Conclusion
In this paper, we have shown how the ectoplasm formalism for the construction of super-
symmetric invariants via closed forms in superspace can be adapted to supersymmetric
systems on manifolds with boundaries. A natural extension of this to local supersymmetry
will be considered in a separate paper.
An important question that we have not addressed here is whether such a formalism
can be applied to theories for which no off-shell formalism is available, such as maximal
super Yang-Mills and maximal supergravity. The ectoplasm formalism has proven useful
in characterising the properties of candidate ultraviolet counterterms in these theories [26,
27, 28], despite the on-shell character of their supersymmetries. An intermediate situation
exists for systems formulated in harmonic superspace, involving an infinite number of
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auxiliary fields, such as 8-supercharge hypermultiplet models and fully supercovariantised
8-supercharge SYM. These have appropriate harmonic superspace formulations in four
[40] and six dimensions [41], and have been discussed ectoplasmically in [42]. The great
advantage of all off-shell formalisms for theories on manifolds with boundaries is that one
can straightforwardly include extra boundary matter supermultiplets. Their boundary
actions in an off-shell formulation are separately supersymmetric, although they may also
need to be covariantised by couplings to bulk gauge and supergravity fields.
An open question concerns the adaptation of the present boundary formalism to situa-
tions without a full off-shell supersymmetry formulation. Given the reduction in unbroken
supersymmetry on the boundary, one possibility might be to generalise the present con-
struction to cases where just the surviving supersymmetry is realised off-shell.
In this paper, we have also developed the relation between the boundary theory for-
mulation and the superembedding formalism which has been employed in the study of
worldvolume theories of supersymmetric p-branes [30, 31, 32, 33, 34, 35]. In the su-
perembedding program, one implements the requirements of κ-symmetry in a natural
geometrical context by the embedding conditions, commensurate with a reduction in the
degree of unbroken supersymmetry on the brane worldvolume. In a boundary theory con-
struction, this corresponds to the reduction in unbroken supersymmetry on the boundary.
The superembedding formalism describes the natural dynamics of a brane itself, i.e. the
dynamics of the Goldstone multiplet corresponding to its broken translation symmetry,
supersymmetry and their superpartners. In the present paper, we have not focused at-
tention on this Goldstone supermultiplet. But in braneworld and boundary contexts,
such Goldstone supermultiplets play key roˆles [5, 6, 43, 44], and it will be important to
distinguish the dynamics of these “Goldstone” multiplets from the other dynamics on the
brane or boundary surfaces.
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A Conventions
Throughout this paper, we use the convention that M = 1, . . . d + n is a supermanifold
world index with A = 1, . . . d+n an index on the supermanifold tangent space. Similarly
m = 0, . . . d − 1 is a bosonic submanifold world index with a = 0, . . . d − 1 an index
on the bosonic submanifold tangent space. In our general discussions here, we will take
µ = 1, . . . n to be a fermionic world index and α = 1 . . . n to be a fermionic tangent space
index. We make use of a superspace covariant derivative defined by
∇AEMB = ∂AEMB + ΩACBEMC , ∇AEBM = ∂AEBM − ΩABCECM . (A.1)
Then the torsion is defined in terms of this connection as
TAB
C = −2∇[AEB)MEMC = 2Ω[AB)C − 2∂[A|E|B)MEMC . (A.2)
where ∂A = EA
M∂M and EM
A is the supervielbein . In the rigid cases that we consider, the
only nonvanishing component of the torsion is Tαβ
c = iγcαβ and the connection vanishes,
ΩAB
C = 0. Then ∇A is simply given by
∇a = EaM∂M = ∂a ∇α = EαM∂M = ∂α − 1
2
iγcαβθ
β∂c = Dα , (A.3)
where Dα is the standard flat-superspace covariant derivative. Here, we have used con-
ventions in which θα is real, which means that since (θαθβ)∗ = θβθα it follows that ∂α is
imaginary.
In rigid 3D supersymmetry, we use the conventions
ǫαβ = ǫ
αβ , ǫ12 = 1 , (A.4)
ǫαβǫ
βγ = −δαγ , ψα = ǫαβψβ , ψβ = ψαǫαβ , (A.5)
EAJA = E
aJa + E
αJα , [θ
α]∗ = θα, [Dα]
∗ = −Dα , (A.6)
{γa, γb}αβ = δαβηab , ηab = diag(−1,+1,+1) , γabcαβ = ǫabcδαβ , (A.7)
ǫabcǫ
def = −3!δ[adδbeδc]f , ǫ012 = 1 , (A.8)
{Dα, Dβ} = −iγcαβ∂c , Tαβc = iγcαβ . (A.9)
This implies the useful identities
γa(αβδγ)
δ = ǫabcγ
b
(αβγ
c
γ)
δ , DβDαDβ = {Dα, DβDβ} = 0 . (A.10)
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In rigid 4D supersymmetry, we use the conventions
ǫαβǫ
βγ = −δαγ , ψα = ǫαβψβ , ψβ = ψαǫαβ , (A.11)
ǫα˙β˙ǫ
α˙γ˙ = −δα˙γ˙ , ψα˙ = ǫα˙β˙ψβ˙ , ψβ˙ = ψ
α˙
ǫα˙β˙ , (A.12)
[ǫαβ ]
∗ = ǫα˙β˙ , [ǫ
αβ ]∗ = ǫα˙β˙ , (A.13)
σaα˙α = ǫαβǫα˙β˙σaββ˙ , [σ
a
αα˙]
∗ = σaα˙α , (A.14)
EAJA = E
aJa + E
αJα + E
α˙Jα˙ , [θ
α]∗ = θ
α˙
, [Dα]
∗ = −Dα˙ , (A.15)
σaα
β˙σbβ˙β = η
abǫαβ + σ
ab
αβ , ηab = diag(−1,+1,+1,+1) , (A.16)
σabαβ = − i
2
ǫabcdσcdαβ , σ
ab
α˙β˙ = +
i
2
ǫabcdσcdα˙β˙ , (A.17)
ǫabcdǫ
efgh = −4!δ[aeδbfδcgδb]h, ǫ0123 = +1 , (A.18)
{Dα˙, Dβ} = −iσcα˙β∂c , Tα˙βc = iσcα˙β , Tαβ˙c = iσcαβ˙ . (A.19)
which implies the useful identities
σ[aγ˙ασ
b]
βδ˙ = −
1
2
σabαβǫγ˙δ˙ +
1
2
σabγ˙δ˙ǫαβ , DαDβ = −
1
2
ǫαβD
γDγ , DαDβDγ = 0 . (A.20)
In rigid 5D supersymmetry, we use the conventions
ǫij = ǫ
ij , ǫ12 = 1 , Cαβ = −Cβα , (A.21)
ǫijǫ
jk = −δik , ψiα = ǫijψαj , ψαj = ψiαǫij , (A.22)
CαβC
βγ = −δαγ , ψαi = Cαβψβi , ψβi = ψαi Cαβ , (A.23)
EAJA = E
aJa + E
αJα , [θ
α]∗ = θα , [Dα]
∗ = −Dα , (A.24)
{γa , γb}αβ = δαβηab , ηab = diag(−1,+1,+1,+1,+1) , γabcdeαβ = iǫabcdeδαβ , (A.25)
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ǫabcdeǫ
fghij = −5!δ[afδbgδchδdiδe]j , ǫ01234 = 1 , (A.26)
{Dαi, Dβj} = −iγcαβǫij∂c , Tαβc = iγcαβǫij . (A.27)
which implies the useful identities
γaαβγ
ab
γδ = 2
[
γbγ[αCβ]δ + (γ ↔ δ)
]
,
γcαβγ
cab
γδ = −3
4
[
γab(βγCδ)α − (α↔ β)
]
− 9
4
[
γabδ[αCβγ] + (γ ↔ δ)
]
,
γ[aαβγ
b]
γδ = −3
2
[
γab δ[αCβγ] − (γ ↔ δ)
]
, (A.28)
and also implies that for a Linear superfield satisfying Dα(iJjk) = 0
DkαDβkJij = iγ
a
αβ∂aJij . (A.29)
B Jd closure conditions
The condition that the 3D super 3-form be closed implies the non-trivially satisfied con-
straints
T(αβ
cJγδ)c = 0 (B.1)
∇[aJb]αβ +∇(αJβ)ab = −1
2
Tαβ
cJabc (B.2)
3∇[aJbc]α −∇αJabc = 0 . (B.3)
The condition that the 4D super 4-form be closed implies the non-trivial constraints
Tα˙(β
cJγδ)cd = 0 (B.4)
∇α˙Jαβcd = 2Tα˙(αeJβ)cde (B.5)
2∇(αJβ)cde + 3∇[cJde]αβ = 0 (B.6)
∇α˙Jαbcd +∇αJα˙bcd = Tα˙αeJbcde (B.7)
∇αJbcde + 4∇[bJcde]α = 0 . (B.8)
20
The condition that the 5D super 4-formX4 be closed implies the non-trivial constraints
T(α̂β̂
bX
γ̂λ̂)ab = 0 (B.9)
∇(α̂Xβ̂γ̂)de = T(α̂β̂fXγ̂)def (B.10)
2∇(α̂Xβ̂)cde + 3∇[cXde]α̂β̂ = Tα̂β̂fXcdef (B.11)
∇α̂Xbcde + 4∇[bXcde]α̂ = 0 (B.12)
∇[aXbcde] = 0 (B.13)
where α̂ is a bi-index: α̂ = αi .
The condition that W6 be exact in terms of K5, W6 = C0,2X4 = dK5, implies the
non-trivial conditions
T(α̂β̂
dK
γ̂δ̂)def = C(α̂β̂Xγ̂δ̂)ef (B.14)
∇(α̂Kβ̂γ̂)def − T(α̂β̂cKγ̂)cdef = C(âβ̂Xγ̂)def (B.15)
2∇(α̂Kβ̂)cdef + 4∇[cKdef ]α̂β̂ + Tα̂β̂bKbcdef = Cα̂β̂Xcdef (B.16)
∇α̂Kbcdef − 5∇[bKcdef ]α̂ = 0 . (B.17)
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